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Abstract—We consider a distributed analytics system with
interconnected machines. Analytics tasks run on the machines,
where each task runs on a single machine but may require
data from multiple other machines. Every task requires a given
amount of data to run, and it needs to receive all its data
within a specific deadline. The application scenario is that each
machine has limited storage, thus we usually cannot place the
entire amount of data for a specific task on a single machine
that executes the task. We study how to distribute the data
on machines in the system, without violating the bandwidth
and storage constraints, while ensuring that the data transfer
deadlines are met. We prove that a solution to this problem
is equivalent to that of a max-flow problem on a specifically
constructed graph. We present an algorithm for solving this
problem via standard max-flow algorithms.

I. P ROBLEM F ORMULATION
We have a complete directed graph on a set of vertices V .
The vertices of the graph represent machines that can store and
process data. The machines are connected by communication
pipelines (edges) that carry data. Each edge (i, j) has a weight
B(i, j) which represents the bandwidth of the communication
pipeline from i to j, measured in bits per second. If there is
no communication pipeline between i and j, then B(i, j) = 0.
The bandwidth is measured in bits per second and is the
maximum rate that information can be sent between two
machines. We assume that every communication pipeline has
zero latency. Each machine i has a weight Si which represents
the maximum amount of information (called the “storage
capacity”) that can be stored in machine i. If a machine i is
a router without storage capability, then we have Si = 0. We
are given a set W of “tasks”. Every task k has an associated
machine a(k) and a weight Dk . Each task k represents an
application that is run on machine a(k) and requires Dk bits of
information to run. With every task k we are given a maximum
time, Tk , in which we need to send all Dk bits of information
to machine a(k). The problem is to find a distribution of the
data across all machines that satisfies this constraint, given that
no two tasks are called at the same time.
A. Information Streams
A propagation of information around the network is formally defined as an “information stream” which is a function
f : V × V → R+ , where R+ denotes the set of nonnegative real numbers, satisfying f (i, j) ≤ B(i, j) for all
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machines i and j. Intuitively, the value f (i, j) is the rate of
information being transmitted from machine i to machine j,
and the constraints mean that the rate of information being
transmitted from one machine to another is no more than the
bandwidth of the communication pipeline between them.
Given an information stream f and a machine
i, the
P
“emission
rate” lf (i) is defined as lf (i) :=
j6=i f (i, j) −
P
j6=i f (j, i), which is the amount of information leaving the
machine minus the amount of information entering the machine. Intuitively, the emission rate is the rate of information
being sent from a machine (if the emission rate is negative
then the machine is receiving information).
Given a machine i, an “i-targeted information stream” is an
information stream f satisfying lf (i) ≤ 0 and lf (j) ≥ 0 for
all j 6= i. Intuitively an i-targeted information stream is an
information stream in which machine i receives information
and all other machines send information. Let Ωi be the set of
all i-targeted information streams.
B. Data Distribution and Task Time
Let W be the set of tasks. Given a task k, let Dk be the
quantity of data that it requires and let a(k) be the machine
that it is run on. Our algorithm will find a distribution of the
data across the network, which is a function d : W × V →
R+ where d(k, i) is the amount of data for task k which is
stored
at machine i. This implies the following constraints:
P
data for task k
i d(k, i) = Dk , i.e., the total amount of P
stored across the network is equal to Dk ; and k d(k, i) ≤ Si ,
which means the total amount of data stored at a machine is
no more than the storage capacity at that machine.
Given a task k, and an a(k)-targeted information
stream fk ∈ Ωa(k) , the “task time” is equal to
maxi∈V \{a(k)} d(k, i)/lfk (i) which is the maximum of time
for the required data to leave a given machine and is hence
the time taken to propagate the data to machine a(k) (as the
communication pipelines have zero latency).
C. The Problem
With each task we are given the machine it runs on, a(k),
the quantity of data that it requires, Dk , as well as a maximum
acceptable task time Tk . With each machine i we are given
a storage capacity Si . The problem is to find a distribution
d(·, ·) (as defined in the above section), and a(k)-information
streams such that the task time of every task is no greater than
its maximum acceptable task time. Formally, this problem is
as follows:
Find a function d : W × V → R+ and, for every k ∈ W ,
an a(k)-targeted information stream fk ∈ Ωa(k) such that the
following constraints are met:
P
1) For all k ∈ W ,P i∈V d(k, i) = Dk
2) For all i ∈ V , k∈W d(k, i) ≤ Si
3) For all k ∈ W , maxi∈V \{a(k)} d(k, j)/lfk (i) ≤ Tk

II. A LGORITHM
We now outline the algorithm for solving the above problem. The algorithm works by converting the problem into a
max-flow problem [2] as follows:
1) Construct a directed graph G (with capacities on edges) as follows
(note that we will refer to vertices of the original graph as “machines”
and vertices and edges of G as “G-vertices” and “G-edges”):
a) For every machine i and every task k create a G-vertex v(i, k).
b) For every machine i create a G-vertex w(i).
c) Create a source G-vertex s and a sink G-vertex t.
d) For all machines i and j and tasks k, add a G-edge from v(i, k)
to v(j, k) with capacity Tk B(i, j).
e) For all machines i add a G-edge from s to w(i) with capacity
Si .
f) For all machines i and tasks k add a G-edge from w(i) to v(i, k)
with infinite capacity.
g) For all tasks k add a G-edge from v(a(k), k) to t with capacity
Dk .
2) Find a maximum flow from s to t. Given G-vertices x and y, let Fxy
be the flow from x to y.
3) If there exists a task k with Fv(a(k),k)t < Dk then a required data
distribution does not exist, i.e., the problem is not feasible. Else, the
required data distribution is found by setting d(k, i) := Fw(i)v(i,k)
for all i ∈ V and k ∈ W .

III. P ROOF OF C ORRECTNESS
A. Equivalent Flows
Given a task k and an a(k)-targeted information stream
fk ∈ Ωa(k) with task time at most Tk , we define the function
fˆk : V × V → R+ as follows: Given machines i and j, let fˆk
be the total amount of information relevant to the task (i.e.,
that stored in the machines) which passes from i to j when the
information for task k is transferred to a(k) via the information
stream fk . For all i, j ∈ V , we clearly have fˆk (i, j) ≤
Tk B(i, j) as this is the maximum amount of information that
can be
i to j in time Tk . For all i 6= a(k) we have
Ppassed fromP
that j fˆk (i, j) − j fˆk (j, i) is the total amount of relevant
information sentP
from machine i which
is equal to d(k, i). We
ˆk (j, a(k)) − P fˆk (a(k), j) is the total
also have that
f
j
j
amount of relevant information entering machine a(k) which
is equal to Dk − d(k, a(k)). So, to summarise we have that
fˆk satisfies the following conditions:
1) P
fˆk (i, j) ≤ Tk B(i,
P j) for all i, j ∈ V
2)
fˆk (i, j) − j fˆk (j, i) = d(k, i) for all i 6= a(k)
j
P ˆ
P ˆ
3)
j fk (j, a(k)) −
j fk (a(k), j) = Dk − d(k, a(k))
We now show the converse: that given an fˆk satisfying the
above conditions, there is an a(k)-information stream, fk , with
task time at most Tk . This is found by setting fk (i, j) :=
fˆk (i, j)/Tk for all i, j ∈ V since, directly from the above
respective conditions, we have:
1) fk (i, j) ≤ B(i, j) for all i, j ∈ V
2) lfk (i) = d(k, i)/Tk ≥ 0 for all i 6= a(k)
3) lfk (a(k)) = −(Dk − d(k, a(k)))/Tk ≤ 0
so fk
is an a(k)-targeted information stream.
Note that, by above, the task time is equal to
maxi∈V \{a(k)} d(k, i)/lfk (i) = Tk . We have hence shown
that an a(k)-targeted information stream with task time at
most Tk exists if and only if an fˆk exists that satisfies the
above conditions.

B. Existence of Flow
We now turn to the weighted directed graph G that the
algorithm constructs. We first show that, given a required distribution
d(·, ·) exists,
P
P then any maximal flow F from s to t has
F
=
the sum of the
k v(a(k),k)t
k Dk . First note that sinceP
capacities of the G-edges entering t is equal to k Dk the flow
can never be greater than this value.
P Hence, all thatPis required
is to construct a flow, F , with k Fv(a(k),k)t = k Dk . We
now construct such a flow. First define Fw(i)v(i,k)
:= d(k, i)
P
for all i ∈ V and k ∈ W . Define Fs,w(i) := k d(k, i). Given
a task k choose fˆk as defined in the previous subsection. We
then define Fv(i,k)v(j,k) := fˆk (i, j) for
P all i, j ∈ V , and
Pdefine
Fv(a(k),k)t := Dk . We clearly have k Fv(a(k),k)t = k Dk .
We now show that F satisfies the conditions of a flow:
P
1) For all i ∈ V : Fsw(i) − k Fw(i)v(i,k) = 0.
2) P
For all k ∈ W andPi ∈ V \ {a(k)}: Fw(i)v(i,k) +
j6=i Fv(j,k)v(i,k) −
j6=i Fv(i,k)v(j,k) = 0.
3) For
all
k P
∈
W:
F
+
F
−
w(a(k))v(a(k),k)
v(j,k)v(a(k),k)
j6=a(k)
P
F
−
F
=
0.
v(a(k),k)v(j,k)
v(a(k),k)t
j6=a(k)
P
4) For all i ∈ V : Fsw(i) = k d(k, i) ≤ Si .
5) For all i, j ∈ V and k ∈ W : Fv(i,k)v(j,k) = fˆk (i, j) ≤
Tk B(i, j).
which proves the existence of such a flow.
C. Sufficiency of Flow
PWe now show that
Pgiven any flow F from s to t in G, with
k Fv(a(k),k)t =
k Dk , we have a sufficient distribution
d(·, ·) defined as d(k,
P
P i) := Fw(i)v(i,k) . First note that since
k Fv(a(k),k)t =
k Dk which is the maximum amount
of flow that can enter t, we must have that every G-edge
(v(a(k), k), t) is at full capacity: i.e., Fv(a(k),k)t = Dk , ∀k.
Given k ∈ W , let Gk be the subgraph of G induced by
the G-vertices {v(i, k) : i ∈ V }. Note that the only G-edges
entering Gk are {(w(i), v(i, k)) : i ∈ V } and the only G-edge
exiting
Gk is (v(a(k),
k), t). Since F is a flow, this implies that
P
P
d(k,
i)
=
F
i
i w(i)v(i,k) = Fv(a(k),k)t = Dk as required.
Note that forPall i ∈ V we have,
P since F is a flow, that
Si ≥ Fsw(i) = k Fw(i)v(i,k) = k d(k, i) as required.
For all k ∈ W define fˆk : V × V → R+ as fˆk (i, j) :=
Fv(i,k)v(j,k) . We now show that the above conditions (in
Section III-A) for fˆk are satisfied:
1) For all i, j ∈ V we have Fv(i,k)v(j,k) ≤ Tk B(i, j).
P
ˆ
2) For all i 6= a(k) we have
j6=i fk (i, j) −
P
ˆ
i) = d(k, i).
j6=i fk (j,P
P
ˆ
ˆ
3) We have
j6=a(k)fk (j, a(k)) − j6=a(k)fk (a(k), j) =
Dk − d(k, a(k)).
which, as shown above, implies the existence of an a(k)targeted information stream with task time Tk .
For full details, please refer to the full paper at [1].
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